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NUMERICAL APPROXIMATION FOR A MULTI PHASE FREE

BOUNDARY PROBLEM

Beyond question, the theory of free boundary problems, FBPs, has seen great
progress along with a vast of applications in physics, industry, finance, biology, and
other areas. The corresponding governing partial differential equations of FBPs
exhibit apriori unknown sets, free boundaries, such as interfaces, moving bound-
aries, shocks, etc. However the mathematical and relevant literature of this field is
enormous, at this point we refer to [10] to review a number of applications of FBPs
in science and industry.

1. Problem Setting

Let µi, 1 ≤ i ≤ k be finite measures with compact supports and λi(x) be non-
negative Lipschitz continuous functions.

Problem: Find non-negative functions ui and the corresponding domains Ωi :=
{ui > 0} for 1 ≤ i ≤ k such that supp(µi) ⊂ Ωi and

(1)


∆ui = λiχΩi

− µi in Ωi,

ui = 0 on ∂Ωi,

|∇ui| = |∇uj | on Γij := ∂Ωi ∩ ∂Ωj ,

|∇ui| = 0 on ∂Ωi \
∪
Γij ,

The Ω :=
∪

i Ωi is called a multi-phase quadrature domain for the measure µ :=∑
i µi, see Figure 1.

suppµj
Ωi = {ui > 0}

Γij

suppµi

u = 0Ωj = {uj > 0}

Figure 1. We would like to construct a numerical scheme to approximate functions
ui and the domains Ωi = {ui > 0} along with all conditions of the problem (1). The
boundaries ∂Ωi are the free boundaries which are not known a priori.
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2. Applications in fluid dynamics

Recent researches have shown that the context of quadrature domain theory can be
understood as the solution of specific fluid dynamic problems. Here we will survey
a number of physical applications of quadrature domains by emphasizing on the
special cases of the problem.

2.1. One phase case

For k = 1 the problem arises from an interesting and quite well known the-
ory which is called one phase quadrature domain. While for the mathematical
theory one can find vast of literature, it is really remarkable to point out that
one phase quadrature domain is relevant to a wide range of physical problems.

Figure 2. A one phase quadrature domain where
the polygon is the support of the measure.

Richardson in [15] made the first
connection between quadrature domain
and fluid mechanics who studied the
free boundary arising by the motion
of a fluid trapped in a cell. Suppose
that an incompressible fluid is confined
between two parallel plates, Hele-Shaw
cell, and we inject more fluid into it
with moderate velocity. Therefore, the
fluid between plates will occupy more
space. When the surface tension effects
on the free boundaries are ignored, this
free boundary problem could be under-
stood as the one phase case of the prob-
lem (1) by considering an appropriate
measure. For a comprehensive review of quadrature domain and the impact of it
in the context of flows in porous media and Hele-Shaw flows, we refer the reader to
[11], [12], [13], [15], [19] and [21] and references therein.

2.2. Two phase case

In case k = 2, when µ1 = µ2 = 0 the problem could be considered like the two-phase
obstacle problem or the two-phase membrane problem. Here the free boundary
consist of

∂{u > 0} and ∂{u < 0}.
One of the challenging issues in this case is that the interface could be considered
as two parts. One part is when the gradient of u vanishes and one where the
gradient non zero. Then because of these two decompositions of two different types
of growth, it is not easy to deduce a growth estimate at points on the interface, see
for instance [22] and [20] and references therein.

An application of two phase case in fluid dynamics is the two phase Hele-
Shaw flows (Muskat problem) which will be discussed in the next subsection.
Another interesting application of two phase obstacle problem is the considera-
tion of a thin film or membrane which is fixed on the boundary of a domain.
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Figure 3. A two phase quadrature domain by con-
sidering two Dirac measures concentrated on two points.

Moreover, a part of the membrane
is under a thick liquid which is sup-
posed to be heavier than the mem-
brane. Now the membrane produces a
pressure downward on the part of the
membrane which is above the liquid,
say λ+. On the other hand the part
in the liquid is also push up by an-
other force, λ−, because of the liquid’s
weight. The mathematical interpreta-
tion of the equilibrium state is the two
phase obstacle problem.

If one considers the two phase case
with the measures µ±, the problem turns to the two phase quadrature domains
which was introduced in [9] where the authors have proved the existence by con-
sidering some restrictions. It is worthwhile to mention that there is no concrete
theory for the uniqueness in this case.

2.3. General case

This problem could be translated into multi phase fluid theory which is a gener-
alization of two-phase flow. Here, the phases are non mixable or non chemically
related. The importance of multi phase flows is seen in a wide variety of industries,
including power, petroleum, and numerous processing industries.

To be more precise, consider an empty Hele-Shaw cell and inject fluids at a
number of points into the gap. The fluids regions grow as circular discs and initially
we have disjoint blobs of fluids which the growth of any one does not affect by the
others. But they will coalesce and will form a multi-phase quadrature domain.

During this process we will have number of holes between the blobs and conse-
quently some interesting questions arise,

• How can we construct an efficient numerical scheme for the problem?
• Do we have any hole when we change the number of injection points?
• What kind of assumptions are sufficient to have a connected multi phase
quadrature domain?

• Numerically, how one can estimate the convergence rate of the numerical
scheme?

For more information about multi-connected quadrature domains see [7], [8], [5],
[16], [17] and [18] and references therein. Indeed, [4] is also a good reference of
the application of quadrature domains in fluid dynamics. Figure (4) illustrates the
simulation of a three and four phase cases where we have three and four injection
points.

From mathematical standpoint, the general case, i.e, multi phase case, is a com-
plicated problem. For instance, while many explicit solutions to the single-phase
Hele-Shaw problem are known, solutions to the two-phase problem (also known as
the Muskat problem) are scarce. To our best knowledge there is no substantial the-
ory concerning existence, uniqueness and geometrical properties of the solution and
the corresponding free boundary. However the more general mathematical question
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of the global existence and well-posedness of the Muskat problem has also been the
focus of an investigations by Siegel, Caflisch and Howison [2] and Ambrose [14].

number of iteration = 1000, density= 0.5, 0.333333, 0.2 and mesh size= 0.02
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(a) A three phase quadrature do-
main where the measures are con-
sidered as Dirac which are located
on a circle.

(b) The surface of a four phase
quadrature domain where the
measures are considered as Dirac
which are located on a circle.

Figure 4. Three and four phase quadrature domains. One can consider the Hele-
Shaw problem with three and four injection points.

3. Suggested numerical schemes

3.1. First algorithm

One can prove that if u solves the problem in one phase case then it satisfies

(2) L(x, u,Du,D2u) := min(−∆u+ λ− µ, u) = 0,

in viscosity scenes, see [1] and [3]. We call it Min-formula.
Similarly in two phase case suppose that u is the solution of the problem and let

Ω1 = Ω+ = {x|u(x) > 0} and Ω2 = Ω− = {x|u(x) < 0}.
Then it is not complicated to prove that u satisfies in the following non linear
equation in Ω = Ω1 ∪ Ω2, which is called Min-Max formula,

(3) Lu := min

(
−∆u+ λ+ − µ+,max(−∆u− λ− + µ−, u)

)
= 0.

Now we can easily discretize the Min-formula and Min-Max formulas. Here we
just make the algorithm for the latest one.

Algorithm I: The second numerical algorithm based on Min-Max formulation
is given.

(1) Choose a tolerance, TOL.
(2) Choose a big domain D and consider a finite mesh on it.
(3) Find an appropriate discretization µ±

h for the measures µ±.
(4) By simple computations we can choose

uk+1
i = max

(
uk
i +

µ+
h − λ+

4
h2,min(uk

i +
λ− − µ−

h

4
h2, 0)

)
.
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(5) If |uk+1
i − uk

i | ≤ TOL then stop otherwise iterate the step (4).

Indeed, by Barles-Souganidis Theorem we can prove that this scheme is convergent.

3.2. Second algorithm

Now consider a domain D and define a grid on it which consists a set of nods
(xi, yi) ∈ D. suppose that Ω ⊂ D and N be a uniform mesh on D with the mesh
size h. We use the five stencil points finite difference for Laplace operator to get

4

h2

(
u1(xi, yj)− u1(xi, yj)− u2(xi, yj)− u2(xi, yj)

)
=(4)

= (λ+χΩ1 − µ+)− (λ−χΩ2 − µ−),

where u(xi, yj) indicates the average of u on all neighborhood of (xi, yj) ∈ N . We
can obtain u1(xi, yj) and u2(xi, yj) from (4) and impose the following conditions

u1(xi, yj) · u2(xi, yj) = 0 and u1(xi, yj) ≥ 0, u2(xi, yj) ≥ 0.

The iteration method is set up as follows,

(5) uk+1
1 (xi, yj) = max

(
uk
1(xi, yj)− uk

2(xi, yj) +
(µ+

h − λ+)h2

4
, 0

)
,

and

(6) uk+1
2 (xi, yj) = max

(
uk
2(xi, yj)− uk

1(xi, yj) +
(µ−

h − λ−)h2

4
, 0

)
,

where µ±
h are discretization of µ±.

Algorithm II: Here we give the first numerical algorithm based on PDE for-
mulation for two phase case.

(1) Choose a big domain D and consider a finite mesh on it.
(2) Find an appropriate discretization for the measures µ±.
(3) By using (5) and (6) find u1 and u2 and iterate this step.

3.3. Multi phase case

Now we describe another method in presence of three phase, which is based on the
two phase algorithm. For i = 1, 2, 3 suppose that Ωi are the desirable corresponding
quadrature domains for the measures µi. In addition, we note that the supports of
these measures are disjoint and supp(µi) ⊂ Ωi.

Algorithm III: The algorithm for j ≥ 1 is constructed as follows.

• Consider just two measures µ1 and µ2. Solve the corresponding problem
due to the algorithm III and find Ωj

1 and Ωj
2.

• Fix the Ωj
1 and solve the two phase problem for µ2 and µ3 in Rn \ Ωj

1 by

considering that the boundary value is vanished on the ∂Ωj
1. The related

domains is called Ωj
2 and Ωj

3.

• Now fix Ωj
2 and do the first step for µ1 and µ3 in Rn \ Ωj

2 and find Ωj+1
1

and Ωj+1
3 .

It seems that one is able to construct more numerical methods to approach
the solution. Our aim is to extend and improve efficient numerical schemes to
investigate the problem.
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