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Abstract: In this paper resonances in ta-
pered double-port TEM waveguides are
used as benchmark for simulations. FEM
simulations with COMSOL Multiphysics
and simulations using generalised tele-
graphist’s equations with MATLAB are
compared to an analytical method capable
of calculating the resonances of higher or-
der modes. It is valid for tapered double-
port TEM waveguides with constant char-
acteristic impedance. Because these reso-
nances determine the usable bandwidth of
the waveguide their precise knowledge is
essential. The accuracy of the proposed
method has been proven using a TEM
waveguides with circular cross section.
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1 Introduction

Double port waveguides (e.g. Crawford
cell [1]) consist of two tapered sections and
a homogeneous middle section. Both ports
may be used for measurements, excitation,
or resistively loaded. Characteristic cell
impedance is usually designed to be ZC =
50Ω to facilitate connection to standard
measurement equipment. Below the geom-
etry dependant cutoff frequencies of higher
order modes only the TEM (transverse elec-
tromagnetic) mode is able to propagate.
Therefore the homogeneous middle section
can be used for EMC emission and immu-
nity measurements or to couple electromag-
netic energy in or out using an antenna.
This concept has been adopted for calibra-
tion purposes [2], [3], [4]. In [4] a small cir-
cular coaxial calibration cell (µC3-cell) was
introduced in order to overcome the disad-
vantages of cells with rectangular cross sec-
tions (e.g. µTEM-cell). The coaxial circular
symmetric geometry avoids an abrupt tran-
sition from the circular cross section of the

feeding coaxial cable to a rectangular cross
section of the cell. This design is optimal
with regard not only to low reflection and
power loss to unwanted modes, but also in
that it simplifies manufacturing and calcu-
lations. µTEM and µC3 cell are depicted in
figure 1.

Figure 1: µTEM (left) and µC3 cell (right)

In an ideal circular coaxial waveguide
the coupling between TEM and TE modes
is avoided due to symmetry. Therefore the
usable bandwidth which is characterised by
the desired transverse electromagnetic field
is expanded by the factor of three using a
circular coaxial waveguide with the same
distance between inner and outer conduc-
tor for the homogeneous middle section [4].
Referring to the µTEM-cell, the µC3cell has
been constructed such, that this prediction
can be proven.
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Figure 2: Eigenvector, TEM mode

The transversal ~E field eigenvectors of
the TEM mode and the TM01 mode are de-
picted in figure 2 and 3 respectively.
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As discussed in [4] and [5] a non ideal
geometry or any EUT placed inside the
waveguide couples TEM with TE modes,
which in turn leads to resonating TE modes.
Because of the high quality factor of the res-
onator a weak coupling (low energy) will
already lead to high field amplitudes of
resonating higher order modes. The nu-
merical calculation of the coupling coeffi-
cients is included in [4] and [6]. In all TEM
waveguides with circular cross section (e.g.
µC3) the resonances, sorted by frequency,
are TE11,TE21,. . . ,TM01,TM11,. . . .
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Figure 3: Eigenvector, TM01 mode
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Figure 4: Transmission line model of a tapered double-port TEM



2 Analytical Calculation

The analytical calculation of resonances in
tapered double-port TEM waveguides was
first published in [5]. It is based on the
work included in [7], [8], [9] and [10]. Based
on generalised telegraphist’s equations the
field inside a TEM waveguide is calculated
in [4].

The generalised telegraphist’s equations
for mode p for inhomogeneous waveguides
yield

dV (p)

dz
= −γ(p)(z)Z

(p)
W (z)I(p)(z)

+

∞
∑

q=1

Cpq(z)V (q)(z) (1)

dI(p)

dz
= − γ(p)(z)

Z
(p)
W (z)

V (p)(z)

−
∞
∑

q=1

Cqp(z)I(q)(z) (2)

with the propagation constant γ(p) and

wave impedance Z
(p)
W according to table 1

and wave number k. The cutoff wavenum-
ber k

(p)
c is a function of the local cross sec-

tional geometry. V (p) and I(p) are his-
torically termed voltage and current coef-
ficients, scaling the associated transversal
eigenvectors. The coupling coefficients Cpq

and Cqp quantify energy transfer between
modes p and q.

p TEM TE TM

γ(p)  · k
√

k
(p)2
c − k2

Z
(p)
W

√

µ
ε

ωµ
γTE

γ(TM)

ωε

Table 1: Propagation constant and wave
impedance

Starting with the generalised tele-
graphist’s equations for inhomogeneous
waveguides (1) and (2), the resonant fre-
quencies of all higher order modes can be
calculated for any coaxial waveguide. The
underlying consideration is that resonances
are determined by the geometry of the cell
and characteristics of the particular mode.
Mode coupling means transfer of energy

between modes and consequently changes
in the field amplitudes, but it does not shift
the very resonant frequency.

Essential higher order modes excited
by changes of the cross sectional geome-
try become first able to propagate in the
homogeneous middle section of a coaxial
cell, whereas in the two tapered sections
these modes reach their cutoff cross sec-
tions z

(TE,TM)
c (f) and are not able to prop-

agate any further, as shown in the transmis-
sion line model, figure 4. These cutoff cross
sections determine the effective resonance
length of the cell wich becomes longer with
increasing frequency. At these cutoff cross
sections, the power of the mode is reflected.
Reflections at cutoff can cause strong field
resonances due to the high quality factor
of the cell operating as cavity resonator.
Thus resonances are always unwanted for
EMC measurements as they perturb the de-
sired field distribution normally based on
the TEM mode solely.

In figure 4, the coupling between TEM
mode and, as an example, two higher order
modes is depicted using a Crawford cell.
The coupling takes place in regions with
varying cross sectional waveguide geome-
try. With the knowledge of the coupling
coefficients, the field amplitudes inside the
waveguide can be calculated, as done in [4].

For k > k
(p)
c the mode is above cutoff

and propagates, whereas for k < k
(p)
c the

mode is below cutoff and decays exponen-

tially. Because of k
(TEM)
c = 0, the TEM mode

propagates at all frequencies.
As the cross sectional geometry changes

along the direction of propagation z, the
cutoff frequencies of higher order modes
change accordingly. This behaviour can be
termed local cutoff frequency. The determi-
nation of the local cutoff frequency is sim-
plified if the cross sectional dimensions of
the waveguide remain the same in every
cross section. This property is termed in-
herent shape and a calculation is required
for one cross section only. For TEM cells,
this condition of inherent shape is approxi-
mately fulfilled.

The geometry dependent cutoff wave
numbers can be determined from normal-
ized wave numbers k

(p)
c,norm using

k(TE,TM)
c (z) =

k
(p)
c,norm

2a(z)
. (3)



k
(p)
c,norm is calculated at a cross section with

normalised width (rectangular cross sec-
tion) or outer radius (circular cross section)
of the cell chosen to be 2a = 1 m. The nor-
malised wave numbers are included in [5].

In order to determine solely the resonant
frequencies but not the field amplitudes
mode coupling in the generalised tele-
graphist’s equations for inhomogeneous
waveguides can be disregarded.

Neglecting mode coupling the voltage
coefficients for TE modes

d2V
(TE)
k

dz2
=

(

k(TE)2

c (z) − k2
)

V
(TE)
k (z) (4)

and the current coefficients for TM modes

d2I
(TM)
k

dz2
=

(

k(TM)2

c (z) − k2
)

I
(TM)
k (z) (5)

can be derived from (1) and (2) using
wavenumber k = ω

√
µε.

In case of wave propagation exclusively
in the TEM mode the physical voltage V =
V (TEM)

u and current I = I(TEM) · u can
be expressed using the transformation ra-
tio u and the voltage and current coeffi-
cients of the TEM mode. The characteristic
impedance ZC = Z

(TEM)
W · u2 can be trans-

formed accordingly.
The geometry used is depicted in figure

5. The z axis is located in the middle of the
inner conductor. Half of the cell width and
accordingly outer radius are denoted a(z).
Considering waveguides of inherent shape,
only the outer dimension is necessary, as
the ratio between inner and outer dimen-
sion remains constant. For the µC3-cell the
constant ratio between outer and inner ra-
dius is ra

ri
= 2.3 over the entire length of

the cell to obtain a constant characteristic
impedance of 50Ω for the TEM mode.
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Figure 5: Geometry for resonance calculation

In region I the local outer dimension
a(z) is a function of z. In region II, the ho-
mogeneous middle section, a is constant.
Due to symmetry the waveguide has to be
described up to zsym only.

The approach for I
(TM)
k and V

(TE)
k re-

spectively in region I is

I
(TM)
k I

= K1·
√

a′z·Jν(k·z)+K2·
√

a′z·J−ν(k·z)

(6)
with the fractional order ν

ν =

√

√

√

√

1

4
+

(

k
(p)
c,norm

2a′

)2

(7)

of the Bessel function Jν(k · z) and the gra-
dient a′

a′ = tan(ϕ) (8)

of the tapered region. In region II the wave
can propagate without attenuation accord-
ing to

I
(TM)

k II
=K3 ·cos

(

z

√

k2 − k
(p)2
c (zsym)

)

+ K4 ·sin
(

z

√

k2 − k
(p)2
c (zsym)

) (9)

A calculation of the four constants of in-
tegration K1 to K4 is possible. One con-
stant is free of choice because the ampli-
tude information has been lost by neglect-
ing mode coupling. We choose K1 = 1.
The Bessel function with fractional order in-
creases J−ν(k · z) → ∞ with negative order
and small z. Because higher order modes
are under cutoff for small z, K2 = 0 is valid.
The constants K3 and K4 have to adjust the
transition between the tapered and the ho-
mogeneous region. Because (4) and (5) are
of 2nd order at z = zK both the function
and the derivative of V (TE) and I(TM) have
to match. This leads to a system of equa-
tions for the remaining constants using F I

and F
II

according to (12) and (13).

F I = F
II
·
(

K3

K4

)

(10)

Solving for K3 and K4 results in

(

K3

K4

)

= F
II

−1
· F I . (11)



F I =

( √
a′zKJν(k · zK)

a′−2νa′

2
√

a′zK
Jν(k · zK) +

√
a′zKJν−1(k · zK)

)

(12)

F
II

=

(

cos(arg) sin(arg)
−arg

zK
sin(arg) arg

zK
cos(arg)

)

with arg = zK

√

k2 − k
(p)2
c (zsym) (13)

F
II

−1
=

zK

arg
·
( arg

zK
cos(arg) − sin(arg)

−arg
zK

sin(arg) cos(arg)

)

(14)

(

K3

K4

)

=
zK

arg
·
( arg

zK
cos(arg) − sin(arg)

−arg
zK

sin(arg) cos(arg)

)

·
( √

a′zKJν(k · zK)
a′−2νa′

2
√

a′zK
Jν(k · zK) +

√
a′zKJν−1(k · zK)

)

(15)

I
(TM)

k II
=

√

K2
3 + K2

4 · sin
(

z

√

k2 − k
(p)2
c (zsym) + arctan

(

K3

K4

))

(16)

sin

(

zsym

√

k2 − k
(p)2
c (zsym) + arctan

(

K3

K4

))

=

{

0

min/max
(17)

zsym

√

k2(fres) − k
(p)2
c (zsym) + arctan

(

K3(fres)

K4(fres)

)

=
n + 1

2
· π (18)

At z = zK the inverse matrix of F
II

can be expressed by (14) which results in
(15). Using the known solution for the ho-
mogeneous middle section the resonant fre-
quency can be derived. In case of resonance
the length between the two cutoff cross sec-

tions z
(p)
c and zL − z

(p)
c of the waveguide

is an integer multiple of half wavelength λ
2

which means that the symmetry of the solu-
tion in region II in (16) has to be either odd
or even referring to z = zsym. Using the
resonant condition it can be concluded that
the solution has to be either zero or an ex-
tremum at z = zsym as stated in (17).

As k, K3 and K4 are frequency depen-
dent the resonant frequencies fres can now
be calculated with n=0,1,2,3,. . . using (18).

Figure 6 and 7 show the amplitude func-
tions I(TM)(z) of TM01 mode for the first and
second resonant frequency of TM01 mode in
the µC3-cell. The cell geometry is depicted
with feeding section enlarging to the homo-
geneous middle section up to symmetry at
z = zsym. The dashed line marks the z-axis.
The amplitude functions for the resonance
case alternate between zero and extremum
at z = zsym synonymous with our resonant
condition. The vertical line marks the cut-
off cross section showing the increasing res-
onant length of the cell for higher frequen-
cies.

The resonant frequencies for the first
two TM-modes can be derived using (18) in
combination with the geometry of the µC3-
cell [4]. They are included in table 2.
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Figure 6: I(TM)(z) of TM01 mode for the first
resonant frequency in µC3-cell
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Figure 7: I(TM)(z) of TM01 mode for the second
resonant frequency in µC3-cell

mode
fres1

GHz

fres2

GHz

fres3

GHz
TM01 4.456 5.001 5.728
TM11 4.594 5.138 5.856

Table 2: Resonant frequencies of TM01 and TM11

mode in µC3-cell up to 6 GHz, according to (18)



3 Measurements and
Calculations

In order to validate the above calculations
the system of generalised telegraphist’s
equations (1) and (2) has been calculated
numerically in a frequency range 0 < f <

6 GHz in the region 0 < z < zL includ-
ing TEM mode and four TM and TE modes
respectively. These calculations were per-
formed using MATLAB with the NAG tool-
box. The results are depicted in Figure 8.
It shows collapses of the calculated volt-
age coefficient |V (TEM)| of TEM mode at
the output port of µC3-cell referring to the
input port at about 4.4, 5 and 5.8 GHz.
This matches with the resonant frequen-
cies in table 2. In addition measurements
have been performed using a µC3-cell. For
both measurements and calculations a volt-
age source V is applied at the input port
according to figure 4. The calculated co-

efficient |V (TEM)|
V ·u/2 equals to S21 parameter.

The measured S21 parameter of µC3-cell
is shown in figure 9. The waveguide has
been modeled with FEMLAB and the RF
toolbox in order to benchmark the already
obtained results. S11 and S21 parameters
were calculated using axial symmetry. Both
are depicted in figure 10. The resonant
frequencies are determined to fTM011...3

=
4.4GHz, 4.9GHz, 5.8GHz. Additional sim-
ulations were performed at the these fre-
quencies using a 3D model in order to de-
termine which mode is responsible. The re-
sults of the 3D simulation below resonance
and at the very resonant frequencies are in-
cluded in figure 11. The surface is coloured
according to the amplitude of the longitudi-

nal ~E field component. The presence of this
component indicates a TM mode.
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Figure 8: Simulation using generalised
telegraphist’s equations, MATLAB with NAG

toolbox, |V (TEM)|
V ·u/2

, range 0 < f < 6 GHz
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Figure 9: Measurement, S11, S21, range
0 < f < 6 GHz
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Figure 10: Simulation using FEM model,
FEMLAB with RF toolbox, S11, S21, range

0 < f < 6 GHz

As depicted in figures 8, 9and 10 cal-
culated and measured resonant frequencies
show close agreement.

4 Conclusion

An analytical method for the calculation of
resonant frequencies of higher order modes
in tapered double-port TEM waveguides
has been presented. It is based on the gen-
eralised telegraphist’s equations for inho-
mogeneous waveguides. This method al-
lows a precise determination of the usable
bandwidth for this type of TEM waveguide.
Simulations can be benchmarked using this
analytical method. A comparison of re-
sults obtained using two different simula-
tion methods, 1) generalised telegraphist’s
equations (MATLAB with NAG toolbox)
and 2) FEM model (FEMLAB with RF tool-
box) show close agreement.



Figure 11: Longitudinal component of the
electric field, top to bottom: f = 1 GHz,
fTM011

= 4.4 GHz, fTM012
= 4.9 GHz,

fTM013
= 5.8 GHz
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