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Abstract:  One way of storing thermal energy is 
through the use of latent heat energy storage 
systems.  One of the thermal/energy processes 
that needs to be properly modeled in designing 
such system is the transient latent heat storage 
encountered during phase change of the material 
used.  This paper presents a numerical validation 
of such a process encountered in a simple 
geometry defined in Stefan's problem, where 
heat transfer by conduction and phase change are 
the only two processes present.  It is shown that 
the physical processes encountered can be 
modeled numerically using COMSOL 
Multiphysics with a modification of the specific 
heat of the PCM accounting for the increase 
amount of energy, in the form of latent heat, 
needed to melt the PCM over its melting 
temperature range.  This modification enables 
the simulation of the behavior of the melting 
front. The effects of the PCM melting 
temperature range, i.e., the presence of a mushy 
region, is also investigated and compared to the 
analytical solution obtained for Stefan's problem. 
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1. Introduction 
 

Thermal energy storage (TES) can refer to a 
number of technologies that store energy in a 
thermal reservoir for later use. They can be 
employed to balance energy demand on a daily 
basis, between day time and night time, which 
will be primordial for wide scale use of solar 
energy [1]; or balance energy, through long term 
storage, over a year [2]. 

As one type of TES, latent heat energy 
storage systems (LHESS) are considered “one of 
the most crucial energy technologies” [3] and 
work using the large heat of fusion of phase 
change materials (PCM) to store thermal energy. 
LHESS are economical and practical because 
[4]:  

 

1. Latent heat is a few orders of magnitude 
larger than sensible heat, so much more 
energy can be stored in a system via 
phase change compared to simple heating 
of a substance; 

2. Latent heat exchange happens over a 
small temperature range.  

 
In these storage systems, the modes of heat 

transfer encountered in the melting of phase 
change materials (PCM) are conduction, 
convection and close contact melting [5]. During 
the charging process, when small volumes of 
PCM are used inside closed storage devices, 
conduction is the prevailing mode of heat 
transfer [6], convection can be neglected; while 
close contact melting plays an important part 
only during start-up [7].  And during this heat 
transfer process to the PCM, a large fraction of 
the thermal energy is stored by the melting of the 
PCM, while the rest is simply stored as sensible 
heat when the temperature of either the solid or 
liquid PCM increases. 

When it comes to finite element modeling, 
the following question arises and needs to be 
answered: Is it possible to model the phase 
change heat transfer (sensible and latent heat 
storage coupled with conduction) encountered in 
this transient process using COMSOL 
Multiphysics?  In other words, can the physics 
governing the energy storage and the melting 
front behavior as a function of time be captured 
accurately? 

The work presented in this paper aims at 
answering these questions by validating the 
numerical solution of a known phase change heat 
transfer problem: Stefan's problem.  

This finite element analysis focuses on the 
solid-liquid phase change heat transfer process 
taking place inside a simple rectangular 
enclosure heating from one side. Through the 
study, the influence of the PCM melting 
temperature range on the phase change behavior 
and the temperature distribution in the PCM will 
be assessed.  
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2. Stefan's Problem 
 
 In order to validate the solid-liquid phase 
change simulation results obtained in other 
LHESS design studies [8, 9] using the finite 
element method, through the software COMSOL 
Multiphysics 3.5, a simplified model is studied 
here, Stefan’s problem in 1 dimension, for which 
analytical solutions are available.   
 Figure 1 shows the standard geometry for 
which Stefan’s problem as a solution: the PCM 
medium is semi-infinite, initially solid at its 
melting temperature Tm, and at t = 0, the wall 
temperature is raised to Tw ≥ Tm, prompting the 
PCM to start melting in a linear fashion starting 
at x = 0 from pure conduction in the liquid phase,   
 
2.1 Governing Equations  
 
 Stefan’s problem can be solved analytically; 
in that case, the PCM melts entirely at a constant 
melting temperature Tm, it does not melt over a 
defined temperature range, i.e., there are no 
mushy region.  The governing transient energy 
equation for the temperature T distribution in the 
liquid phase is given as:                                                                 
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with the following boundary conditions: 
 

Wall temperature:  �( = 0, 	 > 0) = ��    (2)  
            Melting front temperature: 

 �( = '(	), 	 > 0) = �(     (3) 
 
where ρ is the density, Cp the specific heat, k the 
thermal conductivity, t and x are the time and 
space coordinates respectively, while δ(t) is the 
position of the solid-liquid interface (melting 
front).  The subscript l refers to the liquid phase 
of the PCM. 
 The heat flux coming from the liquid phase 
to the melting interface, as well as the magnitude 
of the latent heat of the PCM, control the 
movement of the solid/liquid interface in the 
system through the following energy balance:  
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Figure 1. Schematic of the 1D solid-liquid phase 
change heat transfer process studied. 

  
where L is the latent heat of fusion of the PCM 
and um is the melting front velocity in m/s. 
 
2.2 Analytical Solution 
 
 After resolution of Eq. (1), the transient 
temperature distribution in the liquid is given by: 
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with  8 = :
�4∝<=, α is the thermal diffusivity and 

where 7 is obtained from the interfacial melting 
front Eq. (4) as: 
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 The Stefan number, Ste, is defined as: 
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 The position of the melting front, measured 
from x = 0, and the velocity of the melting front, 
as a function of time, are calculated from Eqs. 
(8) and (9): 
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 And finally, the rate of heat transfer at the 
melting interface, or the rate of energy stored 
through phase change, is: 
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3. Use of COMSOL Multiphysics 
 
 To perform the study, a 2D geometry was 
chosen; and to account for the time dependency 
of the problem as well as for the heat transfer in 
the entire system (paraffin wax), transient 
analysis under conduction heat transfer was used, 
which enables us to solve the conduction 
equation under the applied boundary and initial 
conditions.   
 
3.1 Geometry and Boundary Conditions 
 
 Figure 2 presents the 2D geometry, as well as 
the mesh, used to simulate Stefan’s problem 
using finite element in COMSOL Multiphysics.  
The length of the system is taken as 0.28 m, 
which by being 4 times as long as the area 
affected by melting during the simulation, 
conserves the semi-infinite nature of the system.  
It is 0.1 m high, making the behavior of the 
system along the centerline nearly 1D.  The 
PCM (paraffin wax) is initially at its melting 
temperature of 313 K and the left wall 
temperature is set at 350 K at the start of the 
simulation; the other walls are all insulated. 
 For the numerical simulations, pure 
conduction transient modeling was adopted, 
including solid-liquid phase change using the 
modified specific heat approach that will 
presented in section 3.2.  It was finally assumed 
that the thermophysical properties of the PCM 
are independent of temperature.  These 
properties are listed in table 1. 
 

Table 1. Thermophysical properties of paraffin wax 

Thermal Conductivity 0.21 W/m·K 
Heat Capacity 2.4 kJ/kg·K 

Density 750 kg/m3 

Enthalpy of Fusion  175 kJ/kg 
Melting Temperature Range 313 K to 316 K 
 
 
 
 

 
 
 
  

 
Figure 2. 2D Numerical modeling and meshing of the 

geometry studied. 
 
3.2 Numerical Resolution 
 
 The major problem associated with the 
numerical analysis of the phase change process is 
to account for the melting interface and the large 
amount of energy needed to melt the paraffin 
wax. This problem is dealt with by using the heat 
capacity method which is one of the most 
commonly used numerical methods in modeling 
phase change; a discontinuity was introduced in 
the specific heat Cp of the PCM.  Using a 
paraffin wax that has an enthalpy of fusion of 
175 kJ/kg and melts over a 3 K temperature 
range (from 313 to 316 K), a value for the 
specific heat of this paraffin wax during melting 
(Cp,m) was calculated: 
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 The specific heat of the paraffin wax was 
then modified in the following way: 
 

�� =  M60.5 kJ/kg   for 313 K < � < 316
2.4kJ/kg          for �  >  316 S T (12) 

 
 Accounting for this discontinuity was done 
using the following method in COMSOL 
Multiphysics: using a continuous step functions 
defined as: 
 
         �� = (2.4 + 60.5 ∙ (Vlc2hs(� − 313, 0.2)T          

T−Vlc2hs(� − 316, 0.2))) kj/kg     (13) 
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where flc2hs is a smoothed Heaviside function 
with a continuous 2nd derivative without 
overshoot.  In order to properly simulate this 
change in Cp, small and fixed time steps 
(maximum of 350 seconds) had to be taken to 
perform the transient simulation. 
 In order to properly simulate thermal 
processes in the system, it was important to 
carefully select the mesh size and setting of the 
nonlinear time dependent solver; these issues 
will be addressed in the results and discussion 
section presenting the phase change validation 
work.  
 
4. Results and Discussion  
 
 The temperature distribution obtained, 
numerically and analytically (Eqs. (5-8)), for the 
melting process in Stefan’s problem are 
presented on Fig.3.  The temperature distribution 
is given at the following times: 0.8, 3, 6, 10 and 
16 hrs.  
 As can be seen from Fig.3, at 0.8 hr, the 
melting behavior obtained numerically (full line) 
corresponds exactly to the behavior predicted 
analytically (dash line).  However, the numerical 
results for longer period of time tend to under 
predict the total heat flux resulting in a smaller 
amount of phase change, and lower temperature 
in the liquid PCM phase.  
 

 
Figure 3. Numerical and analytical temperature 

distribution in the PCM at various times. 

 
Figure 4. Effect of melting temperature range of the 

PCM at t = 16 hrs.  
  
 This can be explained by the fact that, 
numerically, the PCM melts over a 3 K 
temperature range, a mushy region is present, as 
oppose to a constant melting temperature 
prescribed by the analytical model.   
 Figure 4 presents the results obtained by  
varying the melting temperature range in the 
numerical model on the temperature distribution 
after 16 simulated hours.   
 It can be observed from this figure that the 
difference between the analytical temperature 
distribution and the numerical ones shrinks when 
the melting temperature range is reduce from 3 
K, to 2K, and finally to 1 K; the melting specific 
heat Cp,m has to be modified accordingly 
following Eq. (11) each time the melting 
temperature range is change.  A smaller mushy 
region makes the PCM behave more closely to a 
pure substance having a constant melting 
temperature. This behavior is expected since the 
analytical solution does not account for the 
mushy region encountered in the numerical 
simulations. 
 Figure 5 presents the position of the melting 
front as a function of time obtained both 
analytically (Eq.(10)) and numerically (∆Tm = 3 
K).  Because of the large discontinuity found in 
both models at t = 0 s, the position of the melting 
front is only given after 350 s.   
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Figure 5. Numerical and analytical melting front 

position in the PCM as a function of time.  
  
 Since a mushy region is found in the 
numerical model, the melting front position was 
chosen as the middle of the mushy region at any 
given time.  The results show a good agreement 
between the numerical and analytical melting 
front location results. 
  The previous results clearly demonstrate the 
viability of using the modified specific heat 
method to simulate solid-liquid phase change. 
They also show the limitation of the analytical 
solution when it comes to the effect of the mushy 
region on the temperature profile and heat flux in 
the system 
 
Element Size Analysis 

 
 The effect of the element size on the 
convergence of the numerical results was also 
studied during the validation phase on Stefan’s 
problem.  Figure 6 presents the temperature 
distribution obtained after 3 hrs for various 
element sizes (0.03 m, 0.01 m, 0.003 m and 
0.0006 m. It is observed immediately, from this 
figure, that the numerical solution converges to 
the proper solution when the element size is 
reduced.    
  
 
 

 For element size of 0.003 m or smaller, there 
is no longer a noticeable change in the numerical 
solution.  For that reason, the mesh used in the 
simulation performed for this paper had element 
smaller than 0.003 m.   
 
Non-Linear Solver Setting 

 
 The modified specific heat method renders 
the system of equations to be solved nonlinear, 
i.e., for every new estimation of a temperature T, 
the associated Cp(T) as to be obtained.  Small 
time steps have to be used to ensure that any 
calculated tempeature increase is never big 
enough to make a particular region of the system 
numerically jump over the melting temperature 
region, virtually bypassing the melting process 
and rendering the simulation useless.   
 A nonlinear time-dependent solver was used, 
employing a backward differentiation formula 
(BDF) and a damped Newton method where the 
tolerance factor was modified from its default 
setting of 1 to 0.1, slowling the progreesion of 
the simulation ensuring a proper treatment of the 
specific heat discontinuity. The tolerance factor 
controls the rate of convergence of the nonlinear 
solver.  
 

 
Figure 6. Temperature distribution, for t = 3 hrs, as a 

function of the element size used. 
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5. Conclusion  
 

This work shows that the physical processes 
encountered during transient phase change heat 
transfer, coupled with conduction, in a PCM can 
be modeled numerically using COMSOL 
Multiphysics.  

The appearance and the behavior of the 
melting front can be simulated by modifying the 
specific heat of the PCM to account for the 
increased amount of energy, in the form of latent 
heat of fusion, needed to melt the PCM over its 
melting temperature range. 

The validation clearly showed the effect 
incorporating a mushy region in the physical 
modeling of the PCM, through the modified 
specific heat, had on the temperature profile in 
the liquid PCM and the melting front behavior. 

Future works will look at incorporating the 
effect of convection in the liquid phase of the 
PCM in order to get a more exact heat transfer 
rate in future LHESS design. 
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